In this paper, we apply the method of "invariant eigen-operator" to study the Hamiltonian of several different qubit-environment models. We find the invariant eigen-operator in terms of these models, which directly leads to the energy-level gap for total system.
Introduction
Explicit exact solutions and propagators of the Schrödinger equations as well as solutions of the Heisenberg equations of motion were considered and applied to different problems [1] . In general, solving various stationary Schrödinger equations leads to eigenvalues and eigenvectors of dynamic Hamiltonians. Though the Heisenberg equation stands on the same footing as the Schrödinger equation, it is seldom employed for the purpose of directly deriving energy eigenvalues. In a very recent paper [2] author has introduced a new method, i.e. the "invariant eigenoperator" (IEO) method to explore energy-level gap of dynamic Hamiltonians, which is based on both the concept of Schrödinger operator and the Heisenberg equation of motion.
The discovery that quantum algorithms are capable of solving certain types of classically intractable problems has stimulated intensive investigates aimed at the physical implementation of quantum computation. The building block of a quantum computer is called a quantum bit, or simply a qubit, from which multiqubit quantum gates can be constructed and networked to perform any desired quantum logic operation. An ideal qubit is a quantum two-level system whose state can be prepared and controlled by experimenters [3, 4] . The real physical systems of quantum qubit are a two-state system such as photon, electron, atomic nucleus and quantum dot.
A major conceptual as well as technical difficulty in the practical implementation of quantum information processing and quantum control schemes is the unavoidable interaction of quantum systems with their environment. This interaction can destroy quantum superpositions and lead to an irreversible loss of information, a process generally known as decoherence [5] . Theoretical studies of decoherence and dissipation in qubit systems have focused on two canonical system-environment models: (1) a quantum two-level system, represented by a spin-2 / 1 particle, interacting with a bath of harmonic oscillators (spin-boson model) [6] ; and (2) a spin-2 / 1 particle coupled to a bath of other spins (spin-spin model) [7] . Understanding the dynamics of open quantum systems is therefore of considerable importance. In order to control and operate qubit accurately ， and realize quantum communication and quantum computation，the study of qubit systems' energy level( or energy level gap ) and the influence of environment to qubit systems' energy becomes one of the important mission of quantum informatics. In this manuscript, we apply the method of "invariant eigen-operator" to study in different qubit-environment models, the influence to qubit system energy level.
The invariant eigen-operator method
In quantum mechanics, the discrete energy levels and simultaneously the eigenstates of dynamic systems are usually derived by solving the appropriate Schrödinger equation 
which is of the same form and importance as the Schrödinger equation. Since Eq.(1) does not involve wavefunctions or eigenvectors, it can hardly be straighforwardly employed to derive energy-level formulas. In Ref. [2] , the authors reported that the Heisenberg equation of motion can also be used to deduce the energy-level gap of certain dynamic systems if one can find some appropriate eigen-operators Q of the square of the Schrödinger operator
. Its main idea is as follows. For the certain quantum system, there is Q satisfying the following eigenvector-
where G is real. We can judge that It well known set of canonical models describes the environment as a set of uncoupled oscillators-these include the 'spin-boson' model and the 'CaldeiraLeggett' model. The spin-boson model couples a central two-level system to the oscillators, and is thus the analogue of the central spin model. These oscillator models all derive from a scheme proposed by Feynman and Vernon. Oscillator models are thus best adapted to delocalized environmental modes. The simplest Hamiltonian of the spin-boson model is written as [8] 
In the spin-boson model, another Hamiltonian of the spin-boson model is
The quantum dynamics of quantum systems is always complicated by their coupling to many environmental modes. At low temperature these environmental effects are dominated by localized modes. This environment, at low energies, maps onto a 'spin bath' model. This contrasts with 'oscillator bath' models which describe delocalized environmental modes such as electrons, phonons, photons, magnons, etc. The simplest Hamiltonian of the spin-spin model is written as [9] 
In this section we shall apply the invariant eigen-operator method to derive the energy gap of the qubit systemenvironment models.
Case 1 According to the invariant eigen-operator method, firstly we should consider the basic commutative relations using the Heisenberg equation As the coupled quantum system of the the spin-boson model is described by Eq.(3), we can easily see that the energy level gap of quantum system is given by 1 
G .
Case 2 We can list some basic commutative relations using the Heisenberg equation 
Comparing Eq. (16) Thus, the coupled quantum system of the the spin-boson model is described by Eq.(12), we can easily see that the energy level gap of quantum system is given by 2 G .
In brief, we can easily know that: the energy level gap of quantum system is closely related to the interaction form of qubit and environment. The energy level gap is determined by both the inherent parameters of the oscillator models and coupling parameter. Therefore，in order to control and operate qubit accurately， realize quantum communication and quantum computation ， we need study the interaction form of qubit and environment deeply.
Case 3 The Hamiltonian of the spinspin model is written as
The study of spin system can be described by a boson operator. Schwinger boson is a kind of boson operator describing spin system [10] . Set 
